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It is well  known that  in non- se l f -ma in ta ined  d i scharge ,  both s t eady- s t a t e  and pulsed, instabi l i t ies  develop 
which lead to spa rk  breakdown. The dif ferent  mechan i sms  respons ib le  for  instabil i ty in a s t eady- s t a t e  d i s -  
charge  have been d i scussed ,  for example ,  in [1-5]. In pa r t i cu la r ,  in [2] the effect  of mul t i s tage  ionization on 
the t ime  inc rease  of the e lec t ron  concentra t ion in the d i scharge  to which a s teady source  of ionization is applied 
is cons idered .  The p r o b l e m  of the instabi l i ty  in a d i scharge  induced by pulsed ionization has been cons idered  
to a much less  extent  [6, 7]. The purpose  of the p r e sen t  paper  is to invest igate the poss ib i l i ty  of an unstable 
inc rease  in the e lec t ron  concentra t ion af ter  switching off the ionization source  within the f r a m e w o r k  of the r e -  
sults  obtained in [2]. 

The initial s y s t e m  of equations is s i m i l a r  to that descr ibed  in [2] and consis ts  cf  the e lec t ron  balance 
equation and the exc i t ed -pa r t i c l e  balance equation. However ,  unlike [2], where the equations for  the e lec t rons  
a re  cons idered  in the quas i s t a t iona ry  approximat ion,  he re  we take into account the der iva t ive  dne/dt, where ne 
is the e lec t ron  densi ty.  In the exc i t ed -pa r t i c l e  balance equation, as in [2] we neglect  quenching coll is ions and 
"deplet ion" of  exci ted pa r t i c l e s  due to mul t i s tage  ionization. Hence, we have 

d,~ , (17 

dn/dt = k lNn~,  

where n is the number  of exci ted pa r t i c l e s ;  k I and k 2 a re  the ra te  constants  of excitat ion of the molecule  by 
e lec t ron  col l is ion and ionization of the exci ted molecules:; /~ and y a re  the recombina t ion  and capture  coeff ic-  
ients; and Q is the number  of ions produced by the sources  of ionization per  unit volume of the gas in unit 
t ime .  If the instant when the ionizing source  is switched off is taken as the origin of the t ime  m e a s u r e m e n t ,  
then by cons ider ing  the t r ans ien t  a f ter  the source  is switched off in (1) we must  put Q=0,  in which case  
ne(0) #0 and n(0) s0 .  In this formula t ion  the solution of s y s t e m  (1) is cons idered  sepa ra t e ly  for  the capture 
mode (fl = 0) and recombina t ion  mode (T = 0). Since in the capture  case  the condition for n e and n to inc rease  
dependson the  ra t io  of the initial values  ne(0) and n(0), in o rde r  to check the rea l iza t ion  of this re la t ion  when 
the sou rce  of ionization acts  s y s t e m  (1) is cons idered  for  the capture mode and for Q s0 ,  in which case  he(0)= 
n(0) =0, s ince the initial instant of t ime  coincides with the instant when the ionization source  is switched on. 

1. The Recombinat ion Mode. Expanding s y s t e m  (17 in t e r m s  of n and reducing the o r d e r  of the equation, 
the following re la t ion connecting the va r i ab l e s  n e and n at an a r b i t r a r y  instant of t ime  can be obtained: 

kl .Yn e --- (kJa) (n  - -  l /a) ~ Ce -'~'~, (27 

where  C = (klne(0)N- (k2/a) [n(0)- l /a])ean(~ a = f i / k l N .  It is assumed that k2n(0) < fine(0), and at the initial in- 
s tant  the e lec t ron  concentra t ion is reduced [the case  when k2n(0) > fine(0 ) leads  to an obvious increase  in ne 
af ter  the source  is switched off]. 

We will find the condition that  at a ce r ta in  instant (t=tl) the re la t ion  dne/dt =0 is sat isf ied.  Substituting 
ne = (k2/ f i )n  in to  Eq. (27, we obtain an equation for  n at this point: 

,.,(t,) = ,+ In ~ .  (3) 

F r o m  the condition n > 0 we obtain 

(finA0) --  k~n(0)) -:  klk~N/~ > (klk,_N;~)e -~C~ (4) 
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T a k i ~  into account the condition k2n(0) <flne(0), it is seen thar inequal i ty  (4) is always satisfied.  This means 
that within the f r amework  of the model employed, af ter  the source  of ionization i s  switched o f f t h e  e lec t ron  
concentrat ion f i r s t  falls,  bu t  then r e a c h e s  a minimum and then inc reases  without l imi t .  In fact,  fu r  suff ic ient ly  
l a rge  n, f r o m  Eq.(2) we have k iNne-  (k2/a)(n-! /a) ,  in which case  k~n> ~ne ,  so that due/dr > 0. S ince (k2u-  
fine): " klk2N/B., asymptot ical ly,  it follows f rom Eq. (1) that~the increase  in ne occurs  exponentially with con-  

s t a n t  fl/klk2N. As r ega rds  o r d e r  of magnitude, the t ime  t i f o r  the instabili ty Co develop is made up of the t ime 
t 2 taken for the e lec t ron  concentrat ion to reach  the  min imum and the exponential  r i se  t ime.  For  given ne(0) and 
n(0), the t ime t2 can be 

~(t~) - Z  

" n(0) ~a  . 

We will es t imate  the t i m e  t i in ni t rogen as it applies to the exper imenta l  conditions in [8], in which for 
E/p ~(20-30) V / c m - m m  Hg, values of the r e t a rda t ion  t ime of spa rk  breakdown t r  are given. Since this com-  
par ison is purely an es t imate ,  we will assume that the t ime t i in the model problem descr ibed  by sys tem (1) 
is de termined  by the cha rac t e r i s t i c  t ime p a r a m e t e r  B/klk2N , assuming in this case that multistage ionization 
in ni trogen occurs  with g rea tes t  probabil i ty  f rom the metas table  level AS~u% Using the data given in [9] for  
the ra te  constants of exci ta t ion of this level  and ionization f r o m  it, we obtain, in paet icular ,  for  E/p ~- 20 V/cm.  
m m  [-Ig, i t ~  ~/klk2N ~3 �9 10 -7 sec  (here wehave  put fl =2-  10 -7 cm~/sec ~i~d N=2.102~ cm3), which agrees  in o r d e r  
of  magnitude with the delay t ime of  spark  breakdown given in [8], whichhas  ava lue  of the o r d e r o f l 0  -7 s e c f o r t h e  
same value of the field, The exper imenta l ly  observed  s t rong  dependence of the t ime t d on the field in this model  
can be explained by the sharp dependence of the product  klk 2 on E/p. 

2. The Capture Mode. We will also consider  the solution of sys t em (1) in this case  when dne(0)/dt <0. 
The nature  of the solution depends on the sign of A, defined by the following expression:  

A = (t/2)(k~n(O) - -  yN)"  - -  k,k.~Nn~(O). (5) 

If  A > 0, the  s o l u t i o n  f o r  n e h a s  the  f o r m  

t -~- B 1 = f~(lie7 , ( 67  

where  

It is seen f rom (6) that n e approaches  ze ro  monotonical ly as t-* ~o. If A <0, we have for ne and n 

tAr _..fl/i-~l. n r  ~ ~.V--~  v--[B. ,[) l  § t], 
(7) 

/ 2  (~n (O)--~N) _ w h e r e B y =  ~ - ~ a r c t a h v  21AI < 0 .  It follows f rom (7) that when t=  jB2 ! , ne reaches  a minimum and then 

inc reases  without l imit ,  the increase  having an explosive cha rac t e r .  The t ime taken for ne and n to become 
infinite is t i  = [B~N-a/~2-~.  The neglect  of the "depletion" of the exci ted par t i c le  in (1) a t the  ins tau twhenn e in-  
, c r easesne ( t=  IBz! ) is ]ustifisd if k t >>~/. In addition, the t ime t i must  be much less than the t ime of quenching 
coll isions when exci ted par t i c les  collide with gas molecules .  

In o r d e r  that the mechanism cons idered  should in fact lead to explosive development of  e lec t rons  af ter  
the ionization source  is switched off, it is n e c e s s a r y  to show that af ter  the t ime for which the source  acts the 
condition A <0 is rea l ized .  For  this purpose we solved sys t em (17 for Q~0 and ne(0)=n(0)=0.  When t -< T l = 
T2N/2klk~Q the solution has the fo rm 
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where 

F(O = ,r:~,~- (t - z~  '/~ r  v:-'3(:)) " r l /  ( ~ - ~ = ~ ,  r , . = ~ ; '  

t T1 _ D =  O, z o=z(O); ~{tk t~m" I1/~(:o) + I_../s(-o) _ z(t) 

and Iv(z) is the cyl indr ical  function of imaginary argument.  Equation (8) general izes  the quasis ta t ionary solu- 
tion given in [2], obtained assuming that dne/dt = 0 and holding in the region T 2 <* t <* T 1 for a rb i t r a ry  rat ios 
between T 1 and T 2. Assuming the functions I~=2/3 and I~/3 to be positive and taking into account the nature of 
their  variat ion in the region 0 -  z -  < z0, it can be shown that the solutions (8) for ne and n have singulari t ies .  If 
t>-Ti, we have for n e and n 

_ 2 1 t , ~ 2 ( t )  n ( t )  ~. ~ r  n ~ ( t ) - - ~  . - - t  -r , = 

where 

i [ t ~t,'2 (']'--2/3 (Y) -- D"r2:3 (Y)) r ~ -~) -- = ~ ~ DJ-~  (y)), 
1 Tz 

and Ju(Y) is the cyl indr ical  function of the f i rs t  kind. The solution (9) has a singulari ty at the point defined by 
the following equation: 

:l/~(Y) -}- DJ-1/3(y) = O, (10) 

where the constant D lies in the interval 1 <- D< co when the pa ramete r s  T 1 and T2 vary .  Using tabulated values 
of the functions J1/3 and J-i/3, it can be shown that for any values of D in this interval the least  root Yl of Eq. 
(10) lies in the l imits 1.8-< Yl -< 2.4. Putting Yl-~ 2 apprqxim~tely, we obtain an est imate  for the t ime t~ taken 
for the instabilit  3" to develop when Q : 0 ( t ~ - T  1) x 3.3 T~/3 T1/3 . If T 2 << T1, we have t '  i ~T1, which is pract ica l ly  
identical with the resul ts  obtained in [2]. When T 2 >> T1 we have t ' i ~3 .3  TI/~ T~/~>> T1" 

We will use the solutions (8) and (9) to analyze whether the condition A <O is satisfied at the stage when 
the ionization source  acts.  If we introduce the function A(t) -= (1/2) [nk2-yN]2-ktk2Nne, it is seen f rom (8) mad 
(9) that at an a rb i t r a ry  instant of time it is given by the express ion 

A(t) t (  t)  (11) = - - ~  t i - ~ .  
2T~ 

As follows f rom Eq. (11), A(t)>-0 when t <- T 1 and A(t)<O when t > T 1. This means that if the duration of 
the ionization source  T is less than the charac te r i s t i c  t ime T 1 and the quantity A(t =T), which determines  the 
constant A in  (5), is positive, after switching off the ionization source  the concentration of the electrons and 
excited par t ic les  approaches zero .  To obtain an unlimited increase in ne and n after switching off the ioniza- 
tion, it is n e c e s s a r y  for the duration of the ionizing source to exceed the t ime T 1. 

Since the delay time of the instability t i after switching off the source is of the o rder  [A(t=T)] -1/2, taking 
(11) into accotmt, it is defined by the rat io between the t imes T, T1, and T 2. In par t icular ,  if T = T  1 +AT, where 
AT <~ T1, we have ti N T2(T1/ATil, 2 >> To_. 

The author thanks I. V. Tyutin for part icipating in a discussion and for analyzing the solutions obtained. 
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In this paper ,  quantitative computations of the nonl inear  solution of the problem of ionization instability 
development  in a bounded domain [1], pe r fo rmed  by the Lyapunov-Schmid t  method [2], a re  presented .  The 
amplitude of the se l f -osc i l la t ions  is computed, the domains of the hard  and soft modes of the loss of stabil i ty 
are isolated, a distr ibution of the e lec t ron  densi ty and e l ec t r i ca l  cu r ren t  over  the channel section is constructed 
for  the soft  mode of the loss of s tabil i ty - nonlinear  magnetic  s t r ia t ions .  The topology of  the s t r ia t ions in the 
pos t - c r i t i c a l  domain is d iscussed.  It is shown that the maximum of the s teady-s ta te  wave amplitudes does not 
cor respond  to that wave which f i r s t  lost  stabil i ty.  The resu l t s  obtained are  used for a qualitative analysis of 
exper imenta l  resu l t s  with a nonequil ibrium magnetized p lasma in a magnetic field (the exis tence  of osc i l l a -  
t ions at smal l  wavelengths in a full ionization mode of the admixture) .  

~1. Let  us examine the behavior  of a nonequil ibr ium magnetized plasma in a domain bounded by two non- 
conducting walls x =0 and x =b, which are  infinite in the y direct ion.  The magnetic field induction vec tor  is 
d i rec ted  along the z axis. Le t  us assume the p a r a m e t e r s  of heavy par t ic les  (atoms and ions) to be independent 
of the coordinates  and t ime,  while the ionization equi l ibr ium build-up t ime is considerably  less  than the char -  
ac te r i s t i c  t ime of the problem.  We consider  the Reynolds magnetic number  smal l  and we neglect  the effects  
of radiat ion.  Taking account of these assumptions ,  the sys tem of equations descr ib ing the state of the medium 
reduces  to a d imensionless  sys tem of n par t ia l  d i f ferent ia l  equations in the potential  r and the e lec t ron  con- 
cent-ration O n [1]. The sys t em is solved by the method of  a s e r i e s  expansion in the smal l  superc r i t i ca l i ty  
p a r a m e t e r  e = (~-42")/$2 -1. In a zero  approximation (n =0) the sys tem has the fo rm 

L~162 -~ n~20 o = O, L~ ~ n~ = 0 (1.1) 

with the boundary conditions (see [3]) 

r Y) = ~Po(t, Y) = 0, 0o(0, Y) = @~(t, Y) = 0, (1.2) 
d 2 o where  Let ~ -- ],'~; LYe d 

L~ = 2 d ;  L~ --  AL~ § ft; r =  y-:- Wot; 

A is a smal l  p a r a m e t e r ;  f l -  is the c r i t i ca l  Hall  p a r a m e t e r ;  k is the wave vec tor ;  and a 1 and fl are  constant 
fac tors  [1, 4]. 

The solution of  (1.1) with the boundary conditions (1.2) can be represen ted  in the fo rm 

Irkutsk. /  Moscow. Trans la ted  f rom Zhurnal  Prikladnol  Mekhaniki i Tekhnicheskoi Fiziki ,  No. 3, pp. 22- 
30, May-June,  1978. Original  a r t ic le  submitted Apri l  28, 1977. 

296 0021-8944/78/1903-0296507.50 �9 1978 Plenum Publishing Corporat ion 


